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Generalized Plane Solution for Monoclinic
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An efficient method has been developed for analyzing the three-dimensional electromechanical deformations
of a monoclinic piezoelectric laminate subjected to surface tractions and electric displacements on the top and
bottom surfaces. The procedure combines the transfer matrix method with the asymptotic expansion technique.
The electromechanical coupled formulation is reduced to a hierarchy of problems referred to as a reference plane.
A closed-form solution is obtained for the generalized plane deformations of a piezoelectric laminate with the top
and bottom surfaces subjected to uniform electric displacements and mechanical normal tractions and edges at the
midplane rigidly clamped and grounded. The closed-form solution is obtained because the asymptotic expansion
terminates after a few terms. For some loadings the in-plane electric fields can be much larger than the out-of-plane

electric fields.

I. Introduction

SMART structural system is a composite structure with sur-
face-mounted or embedded active materials. Beams, plates,
and shells are the structural elements most frequently used in aero-
nautics and aerospace applications. The integrated active structures
containpiezoelectricpatchesand layersthatactas sensorsand actua-
tors. References 1-4 providemore details of the immense technolog-
ical potentialsand implicationsof the smart materialsand structures.
A piezoelectricallyinduced strain as a source of actuationmay be
interpretedas an eigenstrain®>~'° entering the constitutiverelations.
These approachesestimate eigenstrain from the applied voltage and
provide no information on the errors involved. Moreover, in cer-
tain circumstances'! '3 the in-plane electric field components are
more significant than the transverse component, thereby making
their omission unjustifiable.

Transfer matrix approaches'* !° have been developed to study
the electromechanical coupling characteristics of laminated piezo-
electric plates. However, the basic equations must be reducible to
a system of ordinary differential equations in which the thickness
coordinate is the only spatial variable. This restricts applications
of the method to a small class of problems. An asymptotic expan-
sion method for three-dimensional elastic analysis?®® 22 has been
successfully developed. An important result is that solutions of the
three-dimensionalelasticity equations can be generated from solu-
tions of the classical two-dimensionalplate equations.In piezoelec-
tricity an asymptotic theory of leading-orderapproximation for thin
single-layer homogeneous piezoelectric plates?*->* has also been
proposed. By extending the elasticity work,?® a three-dimensional
solution of electroelastic elliptic symmetric laminates'? has been
presented. However, all of these electroelasticity approachesappear
to be applicable to plates symmetric about the midplane.

Here, the three-dimensional asymptotic approach is further de-
veloped for monoclinic piezoelectric laminates, which are not nec-
essarily symmetric about the midplane. General formulations are
derived to any successive approximations and used for a general-

Received 7 December 1998; revision received 26 July 1999; accepted for
publication 28 July 1999.Copyright © 1999by Zhen-Qiang Cheng and R. C.
Batra. Published by the American Institute of Aeronautics and Astronautics,
Inc., with permission.

* Associate Professor, Department of Modern Mechanics; currently Visit-
ing Research Associate, Virginia Polytechnic Institute and State University,
Blacksburg, VA 24061.

Clifton C. Garvin Professor, Department of Engineering Science and
Mechanics; rbatra@vt.edu.

335

ized plane problem. Neglecting the effects of the boundary layer
near the clamped edges, a closed-form solution is obtained at inte-
rior points of a piezoelectric laminate subjected to uniform normal
tractions and electric displacements on the top and bottom surfaces.
This solution essentially generalizes the elasticity solution 2!

II. Formulation of the Problem

We use rectangular Cartesian coordinates x;, (i =1, 2, 3) to de-
scribe the infinitesimal electromechanicaldeformations of a plate of
uniform thickness /2 and take the midplane of the plate to coincide
with the plane x; =0. The plate is made of a monoclinic piezo-
electric material. In the absence of body forces and electric charge
density, equations governing the quasistatic electromechanical de-
formations of the body are® ~%’

Tij.j =0, D;; =0 (1

where 7;; is the stress tensor and D; the electric displacement.
Throughout this paper a comma followed by an index i denotes
partial differentiation with respect to x;, a repeated index implies
summationover the range of the index, and Latin indicesrange from
1 to 3 and Greek indices from 1 to 2. The dependence of functions
and operators on x; is not explicitly shown unless necessary. The
infinitesimal strain tensor S;; and the electric field E;, are related to
the mechanicaldisplacementsu, and the electric potential ¢ through
the gradient relations

@)

The constitutive relations for a monoclinic piezoelectric material
can be written as

Su = %(uk,l +up), Ey=—o;

Tap = CapapSap T Cap33S33 — €308 E3
Taz = 2C(z3fu3 S(u3 — €pa3 E{u

733 = C33fupS{up + 3333533 — ez Es, D, =2e403503 + €a0Eo

D3 = e30pSup + €333533 + e33E3

(3)

Here, we have assumed that the material properties are symmetric
with respectto the x;-x, plane, i.e., the diad axis is the x5 direction.
Accordingly, the numbers of nonzero independent elastic moduli
¢iju» piezoelectricmoduli e, ;, and dielectric moduli €, are respec-
tively 13, 8, and 4 for the monoclinicmaterial. These material moduli
exhibit the following symmetries:

Cijki = Cjiki = Cklij» Crij = €kjis Eki = Eik (©)]
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For a laminated plate with laminae made of differenthomogeneous
monoclinic piezoelectric materials, the material moduli are piece-
wise constant functions of xs3.

By eliminating the possibly discontinuous in-plane stresses 7o
and in-plane electric displacements D, from Egs. (1) and (3), and
expressing S,; in Eq. (3) in terms of 7,3 and @, a state-spaceequation
for the piezoelectric plate is formulated as

o lo]=[s ][] ©

where 03 = 0/0x; and the state-space variables are chosen as

U 713
u T
F=|"| G=|" (6)
133 us
D; b

The 4 X4 matrices A and B in the state-space equation (5) are dif-
ferential operator matrices:

1 —Jpo —Lp,080, —Mpgd
A=[ ’ ﬁﬁ]’ B=[ 000 ﬁﬁ] o
—J505 Kpy050, —M;0p N
where both A and B have been partitioned into four 2 X2 operator
submatrices and

_ o jeay _ [V 17 I I/

I= ("= S 122], Jp= (Jg") = VAR
11 g2 LU 2
o Bp Bp ao Bp Bp
Ky, = (KE;)) = 21 2 |’ Ly, = (Lﬁp) = 21 2
Kﬁp Kﬁp Lﬁp Lﬁp
11 12 11 12

M, = ey = |8 M N= ey NN

B B M/zzl M/zzz ’ N2 N2

®
For a laminated plate A and B are piecewise constant functions of
X3; the submatrices are only related to the material moduli, and their
elements can be scalars, vectors, and tensors. We use superscripts
to denote the location, i.e., row and column, of matrix elements
in Eq. (8), whereas the Greek subscripts are for the usual tensor
notation. These elements are expressed in terms of the material
moduli as

5" J521 =0 1""€pas]
Kjh = Kjp = K3t =0

Kéi =1"%€egu3€pe3 + Epp

C33ap
L3? = Capap — [Caps €3a,8]N[ ]
€3wp

[ME‘ M§2]=[Ca/z33 e305IN )

where 8, is the Kronecker delta and

- C1313  C1323 - C3333 €333
= [ , N~' = (10)
C1323  €2323 €333 Té&33
The in-plane stresses and in-plane electric displacements, which
may be discontinuousin x3, are then given by

Top = Lot + My t3 + M{* Dy
D, =J% 1,3 — K;2opp an

The state-space equation (5) for piezoelectricity is structurally
the same as that for pure elasticity except for the contribution from
the two additional variables because of the electric field. The state-
space equation for an elastic plate can be recovered from Eq. (5) by
setting ey;; = 0.

We introduce a dimensionless parameter € = h/2a, where a is
a typical in-plane length of the plate and set z = x3/¢&. Thus z

varies from —a to a as x5 goes from —h/2 to h/2. The state-space
equation (5) can now be written as

4 4 I

and has the formal solution?®

F F(z")
=P y (13)

G G(z")
where z* takes a specific value of z and hence the initial functions
F(z*) and G(z*) are functions of x, only. Their components are

the unknowns to be determined from specified surface and edge
conditions. The transfer matrix P is given by

P=282n

n=0

(14)

a® sa@ D ]

b+ D b
where

gt =[ Ab™ dz. pontD =[ Ba™ dz (n =0)
(15)
a® =p© —; (16)

isa4 X4 identity matrix. Similar toA and B, a™ and b™ are the op-
erator matrices that include differential operators only with respect
to x,, whereas their variation with z appears only in the material
moduli.

We expand the state-spacevariables F and G in terms of the small
parameter € as

F had (n)
l6]-== |7 a7
G n=0 g(n)
Substitution from Egs. (14) and (17) into Eq. (13) yields
fm = Z [a®Rfm =0 (z*) + a® * Vg =P ()] (n =0)
k=0
g =g
n—1 n
g(n) — Z b(2k+ l)f(n -1 —k)(Z*) + Z b(2k)g(n —k)(Z*) (l’l > 1)
k=0 k=0
(18)

Equations (18) furnish general expressionsfor the nth-orderexpan-
sion coefficients of the field functions in terms of the expansion
coefficients of the initial functions from the zeroth order to the nth
order. Hence the three-dimensional problem reduces to a series of
two-dimensional problems defined on the reference plane. As for
most plate theories, we designate the reference plane z =z to be
the midplane, i.e., z* =0.

III. Governing Equations of Initial Functions
We assume that the top and bottom surfaces of a piezoelectric
plate are subjected to given shear tractions ¢, normal tractions
—¢;, and normal electric displacements D, which are scaled as

Ta(*a) = g7, m3(ta) = —8345, Ds(+a) = eDf
(19)
Thus functions f and g in Eq. (17) are given by
8 =15 =0, V= =0 (20)
gy N (xa) = 75" V(%a) = q; 6
£ (Fa) =15V (£a) = g8,
£"(2a) = Dy"(xa) = D 6, (n=0) (@D
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Using Eqs. (16) and (18) and agg) _agi) —af‘;) =0,Eqgs. (21) canbe
rewritten as

78 00) + b (2a) UL + b (xa)e(0) + b (a)D{”(0)

+ b2 (xa)t?(0) + bA(xa)U + b (£a)d™

b 3 [P Va0 + 62D (gl P0)]
k=1
= qatfsno
Tt (0) + all) (xa)rh T (0) + () U + af) (£a)z(0)
+al) (£a) DY (0) + ai) (xa)ty (0) + af) (xa)U"

n
+ay) (£a) @ + 3 [a5 " (2a) £, (0)

k=1
+ay " (xa)g) P (O0)] = —45° 8

D{M(0) + ai) (£a)7ly(0) + aiy (xa)>™
+ Z [aif’ (xa) f;" 7P (0) + @i "V (xa)g " (0]
k=1
= Di 8y (22)
where an uppercase subscript L takes values from 1 to 4 and
US = ul(xp, 00, UV =ul(x,,0), @ = 9" (x,,0)
(23)

By eliminating four unknowns t ("+ Doy, = ("+ Y(0), and D;")(O)
from Egs. (22) and using the notatlon

am = a(n)(a) — a(n)(_a)’ a™

a(n)(a)

B = b (a) — b (=a), b =b") (24

we obtain the following equations:

N n 7~ (2 n (2 (1) = (1 n
bRUW + bRUM + [bS) - bjay) o™
= (¢} — ;)80 — b\ DI 80 — by 2y (0)

2 (1) (1) ('l) (2k +1) (1) =(2k)
[B() a4a4w 5 (0)— Z {[B Ba4 ayy

k=1

(1) Qk+ 1)) (n—k)
= bjag Ve YO}

700
P2k +2)
+ [baL *

~(2) ~(D (1 ~(3) A(l) (2) (n)
[a3w — Az, bfm),]Ui,") + [‘133 b ]U3

30 D3

+ {A(3) A(2) (1) A(l)[b(Z) b(l) (1)]}(1)0:)

= —(q7 —47)d0 — a3 q} 8 — [a5) — al) Bl | DY 60

~(2) (1) LD () A(3) A(Z) (1)
- [‘133 3, b, ]733 0 - {

asy

n
ACE+D) _ Ak + 1)
Z {‘13L 3,bg;

k=1

A(2 1 1 2k k A2k +3 A1 2k +2
[ (2) _ ;a)bfﬂ)] ( )}f('l )(0) Z { 2k +3) _ ga)bsz+ )

k=1

~(2) (1) (1) (21(*1) (n—k)
- [‘134 A3 ba4] } g, (0)

—al) [55123 ~ 5 1w>]} 1 (0) —

@y ®" = (DI = D)6 — a4}, 75 (0)

_ Z [A(zk)f(n k)(O) +a A(2k+1) (n k)(O)] 25)
k=1

for the four unknowns U, U™, and @™, The right-hand sides of
Egs. (25) involve 7% (0). r§;’>(0) f®(0), and g (0), (k =0, .
n — 1), which are determined from solutions of order up to (n — 1)
The (n + 1)th-orderout-of-planestresseson the midplane, 7, (" RI(0))
and r(" * 1)(0), can be solved from Eq. (22).

Wlth the notations

Q(---)E[UZ(---)dZ, Q(---)E[UH(---)dz

Q(...)E[ (-9 dz (26)

the equations of leading order (n =0) can be written as
X =y® 27

where the components of the differential operator C are
Coo = QLawaﬁap’ Cy = QzL"“aﬁa 0p
Caus = Q[LG QI — M{(Q — Q)K}21050,01
Cso = —QzL§20,050,, Cs3 = Q22 L500,05040,

Ca = 0z2[Li 07" = Mi*(Q = 0)K}104050,0;

C4w = C43 = 0, C44 = QK al}a (28)
0 (0) (0) (0) 0 !
X0 =[v® v UvP o] (29)
Y =q; —q; + OM;*D3,

v = (g7 —q;) +alg; +q;) ,, + QzM*D],,
() _
Y,” =Dy - D; (30)

We notice that the electric potential @ can first be solved from
Eq. (27)4, and the leading-order terms of the midplane displace-
ments can then be solved from the remaining Eqs. (27), _3. If the
plate is symmetric about its midplane, then Co3 =Cpy = C3, =0,
and Eq. (27) can be further simplified to decouple the in-plane
displacements U from UL” and ®©. This special case has been
studied.'?

For an elastic plate the differential operator matrix C given in
Eq. (28) reduces to that of the classical plate theory®-*° for the
bending of a thin monoclinic plate or laminate. For a piezoelectric
plate Eq. (27) canbe viewed as a setof classical equations governing
the unknowns (29) under the action of surface tractions and electric
displacements. The higher-orderequations (25) show that all of the
termson theright-handside are expressedas derivativesof the lower-
order solutions. Accordingly, the preceding procedure may be used
to generate an accurate three-dimensionalsolution provided that the
solution of the two-dimensional classical plate equations has been
found.

Furthermore, we note that the left-hand sides of Egs. (25) of
different orders contain the same coefficients, which, after a little
simplification, turn out precisely to be the classical operators gener-
alized to piezoelectricity.In principle, any numerical technique for
solving the classical plate equations can simply be used to solve the
three-dimensional problems for laminated piezoelectric plates.

When the unknowns X© can be expressed as polynomialsin x,,
then the right-handsides of Egs. (25) identically vanish for all orders
greater than a certain integer. In such cases the series for the initial
functions F(0) and G(0) have a finite number of terms, and F and
G become exact solutions of the governing equations for all values
of €.
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IV. Example

We consider a piezoelectricstrip (|x;| <a, x,— ©0) and assume
that the solution is independent of x,. The matrix operators (7)
simplify to

1 -J,0 —L, 0> —-M3
A= ’ 1 21 ’ B = 110 101 31)
—Ji01 K0, -MT9, N

and the field equations (27) for the leading order reduce to

0 0 0 — A
duoUS\, + ds US| + du® ) = qF —q; + OM* D5,

w,11

0) 0) 0 _ + -
30Uy + duUs gy +dag®@ 3y = —(95 —4q3)

+a(q) +q;). + QzM*D]

du®')) = D] - D (32)
where
dow = =QLSY, doy = QzLY,
dos = O[LIY QU = M*(Q = VK77, dy, = = QzL}}
dyz = QAZZLH, dyy = QZ[LH’QJIMZ - MIIZ(Q - Q)Klzlz
dy = QK% (33)

We assume that the transverse surfaces of the piezoelectric strip
are subjected to uniform normal tractions —¢g; and uniform normal
electric displacements D}, with vanishing shear tractions ¢*. The
edgesx; = *xa ofthestriparerigidly clamped. As is usually assumed
inplatetheories, these edge conditionsare imposed by requiring that

u(*a,0) =0, 01u3(*a, 0) =0, o(*a,0) =0 (34)

The electricedge condition (34); implies that the edges are grounded
at the midplane z =0. These are not pointwise conditions and thus
exclude the boundary-layereffect. The edge conditions (34) may be
written in the form of their expansion coefficients as

v =0, U =0 aU"=0 =0
(n >=0) on x; =xa (35)

The solution satisfying the preceding edge conditions is

2

Uf) = ku,)cl()cl2 —a?), U3(U) = k3(x12 —a?)

OO =[(x? —a?) (36)
where
ko = —%(Q; - Q;)Juﬁ, ky = —2—14(43+ - 43_)533
1 =(1/2d,)(D; — D) (37)
Here d is the inverse of the submatrix consisting of the first three
rows and first three columns of d. The solution of the other four
unknowns in Eq. (22) for n =0 can then be obtained as
t3(0) = 60(k,, — 4k328,1) L x,
t(0) =53 = —q; +60z(ky — 4k3z8,)L1?
D\"(0) =D = Df —210K? (38)
Equation (25); for n =1 can be rewritten as
a0 = =3,/ 1,(0) - 4 U — U (39)

whose solution is

oM = m()cl2 —a?) (40)

with
m = ~(3/dy) O[J2(Q — O)(k — 4328, LY

— K71 Q(ko — 4k3z8,) M ] (41)
Then Eq. (22); forn =1 gives

D{"(0) =D’

K2 _
6( Qd Ly - Q) [J2(Q = O)(k, — dk328,1) LY
44

— KOk, — 4k328,1) M} ] (42)

The same procedure may be continued for higher-orders terms. A
detailed examination of Eq. (22) reveals that all higher-order un-
knowns identically vanish. Consequently, the nonvanishing expan-
sion coefficients of the initial functions are

U 0
o= Bl o= e
DY (0) cD3<“>
. 7 (0)
o= g | g0 = Tz%‘;(m (43)
D{"(0) e

The expansion series for the reference displacements terminates at
their first term, while the expansion series for the reference electric
potential terminates at its second term. Thus, the evaluation of the
reference solution is complete, and the full through-thickness so-
lution of all nonvanishing orders is obtained by substituting these
reference values into Eq. (18):

g(U) =g(0)(0)’ f(U) =f(0)(0) + a(l)g(ﬂ)(o)
g(l) =g(1)(0) + b(l)f(U)(O) + b(Z)g(U)(O)
f(l) =f(1)(0) + a(l)g(l)(o) + a(Z)f(U)(O) + a(3)g(0)(0)

g(2) =b(1)f(1)(0) + b(Z)g(l)(O) + b(3)f(0)(0) + b(4)g(0)(0) (44)
Any of the through-thickness physical quantities can be evaluated
fromthe referencefunctionsby straightforwarddifferentiationswith
respectto x, and integrations with respect to z (or x3).

Expressions (17) together with Egs. (43) and (44) give the com-
plete solution throughout the plate as

Uy = Su(u?) + 83u(wl) = S[Uu(,o) + aS;Uéo) + aiif(l)(o)]

3 (2) (1) (1) (0) 3) () (2 (0) D gy (D
+¢ {[am—a b ]Ua +[aw3—ambm3]U3 +a,, ® }

oV va

3 (1) 3.1 (2) [OFx¢ 0
T3 =& T3 =€ {133 (0) + [am —ai) b )]Ué)

3v Yva
+ [61;33) _ a(l)E(Z)]Uéﬂ)}

3a 7 a3

D; =¢D{” + & D{" = &[ DY (0) + a) @] + & {D{"(0)
@) _ (D) 770 ) _ (27770 () gy (1)
+ [a4a a, b ]Ua + [a43 a, b ]U3 +a,, © }

4v Y va 4o “ a3

= el = ([l - B + 2 - B0}
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(U) + 82u(1) 4. .(2)

Us =u + &'u,

(0) 217, (D) 77(0 (1) Hy(0) (2) 77(0) (2) 35 (0
=U;" t¢ [mei,) + b3 DY (0) + b33 Us” + by @ )]

+et{[bh - b B U + [bs - b BR |US”
+04) 733 (0) + b5 DV (0) + b @M }

0 =0 + 200 + gtp®

— (D(U) + 82 [biluz US,U) + b(l)D(U)(O) + b(z)U(U) + bii)@(o) + (D(l)]

@ F(170 @ _ 057y
o Do U + [by — b B3 |Us

4a a3

+e{[p) - b

+ by 73 (0) + b DIV (0) + b M } (45)

More explicitly,using Egs. (36), (38), (40), and (42), the closed-form
analytical solution in the interior of the plate is
u, = —¢l(q; - L]3_)R1“’)cl()cl2 —ad’) + IRYx,]

+ 53[(q3+ - q;)RY — mR;’]xl

uy = ky(x} — a2)2 + &[DR? + (q¢f —q;)RI(x? — %az) +IR}]
+ 84[3‘3er)1 + D’erlz —(q; - q;)R; + mRé] (46)

for the displacement field,

- q;)Rs] (47)

T3 = 82(4; - q;)fol, T33 = g [53 - (L]3+

for the out-of-plane stress field, and

D; =&(D + IRs) + &[D' — (¢ —q;)R; + mR;]

@ =1(x{ —a®) + &[DR; + (g5 — q; )R (x] — 1a®) + [R?

+ m()cl2 - az)] + 84[3‘3R(2)1 + D’Rg2 —(q; — q;)Rg + mRé]

(48)
for the transverse electric displacement and the electric potential.

Here

R =QON*, R’ =1(d;—z28,dy), R =20J2

Ry =20K7, T =6(0—-Q)RLSY, R =30R"M"

Ry = Q(M{"R + N"’Ry), Ry = QI°'R} —2QJ"R}

= QJRY — 8,20KIR:, RY = Q(MP'RY + N*R})
(49)

The in-planestress field and the in-planeelectric displacementcom-
ponents, which may be discontinuous across interfaces, are deter-
mined from Eq. (11) to be

Tar = S[DM;_IZ + I(M§2R3 Lawa)
(@) =4I LY RIGx] —a)] + €[5, M + D' M?
— (47 = a)(M'RY = L{RY) + m(MRy = LYRY)]

p = —2K7x + & [(q5 —g)(JPRY —2K12R3) —2mK {2 v,

(50)

Thus the exact closed-form solution of the problem has been ob-
tained.

By setting the piezoelectricmoduli ¢;;; =0, we obtain results for
a purely elastic strip that are slightly different from the solution of
Ref. 21 because of the different choice of the reference planes. For a

Table1 In-plane and out-of-plane distributions of expansion terms
of physical quantities of laminates

X1

£z Constant Linear Quadratic  Cubic  Quartic
Constant — DY o ) ugﬂ)
Linear Dgn) - T(U) 7 0
Quadratic — (1) D[()l) (1) (p(l) . o
Cubic réé), Dgl), r&) (1) N - _
Quartic ugz), o - - - o

piezoelectric strip symmetric about the midplane, it can be verified
that the present solution is exactly the same as that givenin Ref. 12,
where a symmetric elliptic plate is degeneratedinto an infinite strip.

The transverse shear stresses 7,3 given by Eq. (47) are indepen-
dentof the relevanttransverse shearmoduli ¢33, a propertyalready
known for elliptic monoclinic elastic plates.2° Here this property is
shown to be valid for monoclinic piezoelectric strips. In addition,
the out-of-planestresses 7,3 and 733 in Eq. (47) do not depend on the
normal electric displacementloading D5 prescribed on the top and
bottom surfaces of the plate. This means that the specified uniform
electric displacementsdo not produce any out-of-planestresses, an-
other property particularly valid for the piezoelectric strips.

Differentiation of ¢ in Eq. (48), with respectto x; and x3 yields
the following order of magnitude estimates of the electric field com-
ponents:

E, =—¢, ~ (D] —D;)O() + (g7 —q;)O(£»)
E; =—¢3~ (D] — D;)O(¢) + (D; + D;)O(¢)
+(q7 —q7)0(e) + (q7 + ¢7)O(&Y) (51)

Thus, if D; — D; =0, the ratio of the in-plane to the out-of-plane
electric field components is of the order of the dimensionless thick-
ness parameter,i.e., £,/ E; ~ &, which implies that for a thin piezo-
electric plate E; is negligibly small as comparedto E3. On the other
hand, E, should not be neglected when D; — D] # O because
it is of the order of the reciprocal of the thickness parameter, i.e.,
E,/E; ~ 1/¢. In such a case the in-plane electric field component
is in fact much larger than the out-of-plane component. Therefore
the assumption that the in-plane electric field component is negli-
gible is incorrect when the transverse electric displacementson the
top and bottom surfaces are unequal to each other. However, for
equal transverse electric displacements prescribed on the top and
bottom surfaces, the existing thin piezoelectric plate models based
on negligible in-plane electric field components are satisfactory in
this aspect. This observation from the solution of laminated piezo-
electric strips of arbitrary thickness agrees with that derived from
the limit analysis'! of thin single-layer plates.

For a piecewise homogeneous piezoelectric strip all of the mate-
rial moduli are piecewise constants in the thickness direction. Ob-
serving Egs. (46-50), the in-plane and out-of-plane distributions of
the expansionterms of the mechanical displacements, stresses, elec-
tric displacements, and electric potential are summarizedin Table 1.
Of particular interest are the through-thicknessdistributions of the
physical quantities. The through-thickness distributions of the ex-
pansionterms of the mechanicaland electric quantitiesin z and € are
of the same form. Table 1 provides useful information for making
proper approximationsin two-dimensionalpiezoelectric plate mod-
els. In particular, the assumption of the through-thicknesscubic dis-
tribution of the in-plane mechanical displacements in higher-order
plate theories agrees with the present results. However, the constant
distribution of the out-of-plane mechanical displacement provides
only the zeroth-order approximation to our solution.

V. Numerical Results

The materials used to compute numerical results in the following
examples are lead zirconate titanate®' (PZT-4) and polyvinylidene
fluoride’? (PVDF). The material moduli of PZT-4 and PVDF are
given in Table 2, where ¢ is the permittivity of vacuum. Because
a linear theory is used, results for complex loadings can be ob-
tained by a superposition of the results for simple loadings. Two
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Table2 Values of nonvanishing material

moduli for PZT-4 and PVDF

Moduli PZT-4 PVDF
C1111,» GPa 139 238.24
2222, GPa 139 23.6
C3333, GPa 115 10.64
C1122, GPa 77.8 3.98
C1133, GPa 74.3 2.19
2233, GPa 74.3 1.92
2323, GPa 25.6 2.15
3131, GPa 25.6 4.4
c1212, GPa 30.6 6.43
311, C/m? -52 -0.13
€322, C/m? -52 —0.145
333, C/m? 15.1 -0.276
323, C/m? 12.7 —0.009
e113, C/m? 12.7 —-0.135
e/ g 1475 12.5
enlef 1475 11.98
el g 1300 11.98

gy = 8.854185 pF/m.

Table 3 Results at some points for a clamped-clamped
four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg PVDF) laminate
(2a/h =10)

Parameter variation =~ Mechanical load q; Electric load D3+

i (al2,h/2) 0.02485 —0.005980
i3(0, h/2) 0.4595 —0.01078
Di(al2, —h/2) 0.6177 —4.972
D5(0, 0) —0.01637 0.4999
71110, (h/4)7] 4.319 —0.2695
755[0, (h/4)7] 2.099 0.5102
(0, 0) 0.07356 —0.2565

loading conditions are examined. One corresponds to applied uni-
form normal tractions with vanishingnormal electric displacements
and the other to applied uniform normal electric displacements with
vanishing normal pressures. Results are presented in terms of the
nondimensional variables

ﬁi=ui/Pa, fl‘j=‘£'l‘j/1:,C}k

@ =e*p/ Pac*, D; =D;/Pe* (52)
with ¢* =10° N/m?, e* =1 C/m?, and either P = g3/ c* for applied
normal traction g3 or P = D;/e* for applied normal electric dis-
placement Dj.

A four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg PVDF from bot-
tom to top) piezoelectriclaminate with equal thickness of each layer
is examined. Selected results at some particular points of the lami-
nated plate are listed in Table 3. The through-thicknessdistributions
of the transverse shear stress 73 and the transverse normal stress 733
under applied normal tractiong, are plotted in Figs. 1 and 2.

To illustrate the order of magnitude of the electric field compo-
nents, we consider a homogeneous single-layer PZT-4 plate with
normal electric displacements D" prescribed on its top and bottom
surfaces. For symmetric electric loading D; = D; the ratio of the
in-plane to the out-of-plane electric field components E,/ E; can
be shown to be identically zero. For antisymmetric electric loading
D = —D; we have plotted in Fig. 3 the through-thicknessdistri-
bution of E,/ E; = fx,/a within the lower half plate, as the result
for the upper half plate is antisymmetric about the midplane. Here

B =2a/e(M2RS + N2R;) (53)

is a function of x;. Because E3 =0 at the midplane of the plate, the
value of B approaches infinity as x; — 0~ and thus is not shown
therein for —0.25 < 2x3/ h < 0. Figure 3 shows that for this case the
in-plane electric field component cannot be neglected as compared
with the out-of-plane electric field component.

05 r

-4 3 2 -1 0
1713( a2, x,)

Fig.1 Through-the-thickness distribution of the dimensionless trans-
verse shear stress for a four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg
PVDF) laminate under q; (2a/h =10).

1

2x 3/h
o

_1 1 L 1
0 0.25 0.5 0.75 1

7,(al2, x,)

Fig.2 Through-the-thickness distribution of the dimensionless trans-
verse normal stress for a four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg
PVDF) laminate under q; 2a/h =10).
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-025 r

2x4/h

-0.75
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Fig.3 Through-the-thickness distribution of the ratio of the in-plane
to the out-of-plane electric field components for a homogeneous PZT-4
plate under D; =—Dj (2a/h =10).
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Although the numerical results for only the span-to-thicknessra-
tio 2a/ h =10 are given, many other results can simply be obtained
in terms of expressions of physical quantities and Table 1. For ex-
ample, for 2a/ h =100 the value of B will be 10 times the value
given in Fig. 3 for 2a/ h =10 according to Eq. (53), and 733 will be
the same at a plane parallel to the midplane according to Table 1.

VI. Conclusions

We have combined the method of asymptotic series expansion
with the transfer matrix method to obtain a closed-form solu-
tion for the three-dimensional electromechanical deformations of
a clamped-clamped laminated plate. The governing equations are
expressed in terms of functions defined on the midplane of the
plate. Equations for the determination of the nth-order mechan-
ical displacements and electric potentials involve effective loads
that depend upon the quantities of order 0 through (n —1). For a
clamped-clamped piezoelectric strip of length 2a, these are further
simplified, and a closed-form solution of the governing equations
is derived. The transverse shear stresses 7,3 (o =1, 2) are indepen-
dent of the relevant transverse shear moduli ¢,343, and 7,3 and the
transverse normal stress 733 do not depend upon the uniform normal
electric displacement D; prescribedon the top and bottom surfaces
of the laminate. For D; = D; theratio of the in-plane to the out-of-
plane electric field components is of the order of € = //2a, where
h is the thickness of the laminate. However, if D] — D; # 0, then
the in-plane electric field is much higher than the out-of-planeelec-
tric field and cannot be neglected as is often done in some plate
theories. Guidelines for making proper approximations for the me-
chanical andelectricquantitiesin two-dimensionalplate theoriesare
provided in Table 1. In particular, the assumption of the through-
thickness cubic variation of the in-plane mechanical displacements
agrees with the closed-formsolution derived here for the cylindrical
bending deformations of a piezoelectric laminate.

Numerical resultsare presented for a piezoelectriclaminated strip
subjectedto either mechanicalor electricloads on the top and bottom
surfaces.

The presentsolutioncould serve for checking the validity of other
approximate two-dimensional theories and numerical methods.
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